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LINEARIZATION OF A NONLINEAR VEHICLE MODEL

The purpose of this article is to create a mathematical model of a vehicle using dynamic equations of motion and
simulation of perturbations acting on a vehicle.

1t is assumed that the tire in the car model behaves linearly. Because the vehicle model is nonlinear, the model will
need to be linearized in order to find the transfer function between the angle of rotation of the front wheel and the lateral
position of the vehicle.

For this purpose, simple dynamic models of the car were created, which reflect its lateral and longitudinal dynamics.
These types of models are usually used with a linearized form of mechanical and mathematical equations that are required
when designing controllers, active suspension and other driver assistance systems.
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Introduction. Research in vehicle dynamics has been an ongoing study for decades since
the invention of the automobile. Engineers and scientists have sought to fully understand the
dynamic behaviour of vehicles that are subjected to a variety of driving conditions, whether it
be normal daily driving or extreme emergency manoeuvres. These results will be used to
eliminate problems such as ride quality and handling stability to develop innovative designs
that will improve vehicle operation.

The nonlinear vehicle model can be linearized by assuming small deviations from steady
state. The tyre in the vehicle model is assumed to behave linearly. The linear model is valid at
constant longitudinal speed, constant normal tyre load, constant coefficient of road friction and
constant longitudinal tyre slip. It is desirable to linearise the vehicle model in real time in order
to obtain as accurate model of the vehicle behaviour as possible.

A simple vehicle dynamics models that specifically represent its lateral and longitudinal
dynamics have been created for a basic understanding of its dynamic behavior. These types of
models are commonly used with a linearized form of mechanical-mathematical equations,
which are desirable in the design of controllers, active suspension systems, and other driver
assistance systems.

The required complexity of the vehicle model depends on its specific application. For
example, simple models containing only in-plane degrees of freedom are sufficient for
investigating the handling characteristics of a vehicle during its planar motion. For vehicle
stability analysis, two-axle models are used [1-6].

Mathematical model of a two-track vehicle. The two-track vehicle model also includes
the vehicle's wheelbase in the calculation.

X

Fig. 1. Two-track vehicle model with indicated positive directions of coordinate systems
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The equations of motion are in the form:

m.ii = Fy, + Fypcos f — Fypsinf + Fp, (1)

m.U = F,. + Fygsinf + F,rcos  + Fp, (2)

JoY = dgFyysin B+ d;F,;cos p — d, Fyy + % (AE,, + AFyfcos B) + My, (3)
while:

Fyuf = Furp + Fuy 4)

By = Fypr + Fyr (%)

AFyr = Furg — Fuy (6)

AR, = Fyr — Furr (7)

For the angles of directional deviations of the wheels defined by global velocities and lateral
forces:
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Fvij = Ciaij i € (T', l),_] € (T'; f) (12)
The equations are written for the vehicle coordinate system, but the angles of directional
deviation are defined for the global coordinates. Therefore, a rotation matrix is used:
X cosy —siny]rii
[y] - [sint/; cosy ] [v] (13)
Once integrated, the vehicle velocity in global coordinates needed to determine the yaw
angle is obtained. Further integration yields the global position of the vehicle. When plugged
into the equations of motion and simplified for a small wheel angle B, the equations of motion
take the form:

u:Furr+Fulr+Furf+Fulf_26f<1/)+ﬁ_y-}_l/)dx+fcos¢>ﬁ+FDu (14)
mﬁ=2q<¢+ﬁ—zi3%£§2>+2Q<¢—X:£%f§£> 15)

+ (Furf +Fulf)ﬁ +de
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. y+1/}d cosy
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w2By sin
+#(Cr—cf)+1wp

Linearisation of the dynamic equation of motion in the vehicle direction. In equation
(14), the nonlinear elements that need to be linearized are found.

M = B (7)
o 'd
ma = (25 ) (18)

The linearized equation has the form:
mAX = 4F,o + Fuyo + AFry + AFyy + AFyrp + AFy s + AFp, (19)

Linearisation of the dynamic equation of motion in the direction perpendicular to the
vehicle. The nonlinear terms in equation (15) are:

y—d
nyy = — (T) 20)

y +pd
Myy = — (—f) 1)

X
Ny3z = (Furf + Fulf)ﬁ (22)
The linearized equation has the form:
2C.(dy — d, ) Ay
mAy = 2(E,, + C.)AB — p “AY + 4C.AY — e fx )Y + AFp, (23)
0 0

Linearization of the dynamic equation of motion for vehicle rotation. The nonlinear
terms in equation (16) are:

nl,bl = dfﬁ(Furf + Fulf) (24)
. H d

Ny = — (y_+;p ! ) (25)
. _ 'dr

nys = (%) (26)

The linearized equation has the form:

. 2C.(dy —dr)
JoBp = 24y (Fro + CAP + —————= Ay + 2C.(dy — d, ) Ay
0

2C.(d;* + d,?)
_ .
+ AM,,

The resulting linearized equations. The linearized vehicle equations of motion (19), (23)
and (27) are now summarized. The A symbols are omitted for clarity.

mx:4FxO+quO+Furr+Fulr+Furf+Fulf+FDv (28)

27)

. w
AP + + 5 (AE,, — AFyy, + AFyp — AFy )
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- (mu'o 42 ods - )> W+ Fp, (29)
0

X

my = X0

2C.(dy —d 2C.(df? +d,?

C(f T)y+2C (df dr)l/J— C( fx T)
. Xo 0 (30)
+E(Furr_Fulr+Furf_Fulf)+MD'

]zlp = de(Fxo + Cc)ﬂ +

Conclusion. Simulation models are widely used in all industries. Their main goal is to
understand what behaviour can be expected from a real system. The aim of this paper was the
linearization of a two-track vehicle. In most cases, the behavior of dynamic systems is
determined by nonlinear differential equations. Since in this case it is not possible to use the
Laplace transform to express the image transfer, it is necessary to linearize the dynamical
system in question. The essence of linearization of nonlinear dynamical systems is the
assumption that the input and output quantities are varied so that their deviations from the
steady state are sufficiently small, which is valid for this case. This linearized model will be
further applied to the lateral control of a vehicle.
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UDC 004
Jhobuya Mukosa
JIHEAPU3AIIA HEJTHEUHOI MOJIEJII TPAHCHHOPTHOI'O 3ACOBY

Jocniodicenns ounamixu agmomobinie mpugaroms iz MOMeHmy GUHAxXo0y agmomodins. Indicenepu ma 4eni npacHynu Oe-
MANbHO 3PO3YMImMU OUHAMIYHY NOBEOIHKY MPAHCNOPMHUX 3aC00I8 Y PISHOMAHIMHUX YMOBAX Kepy8anHs, abo ye 36unaiite ujo-
Oennte Kepy8ans, abo eKkcmpemanbHi MaHespu.

Memoro yiei cmammi € cmgopens MamemamuiHoi Mooeni mpaHcnopmHo20 3acody 3 6UKOPUCTNAHHAM OUHAMIYHUX Di6-
HAHb PYXY Ma MOOeni08ants 30ypens, wo Oiloms Ha MPAHCNOPMHUL 3aCi0 i3 HasKoaUWHb020 cepedosuuya. OcKinbku MoOdenb
Mpancnopmuoz2o 3acoby Heninitina, 0 mo2o wob 3Hatimu nepedagaivHy GYHKYII Midic Kymom nogoponty nepeoHb020 Konecd
ma OiuHUM RONOICEHHAM ABMOMOOINA, HeoOXiOHo 6yOe aiHeapu3y8amu MoOebd.

1]a nineapuzosana modenb mpanchopmmozo 3acoby 6yoe 000amKo80 3aCmOCcO8ana Npu KepysanHi agmompancnopmuum
3aco60M i3 3aHOCOM.

Jna 6a306020 po3yminns 11020 ouHamiunoi nogedinku Oyau cmeopeni npocmi OUHaAMiuHi Mooeni agmomooins, AKi 8i0o-
bpadicaroms 11020 biuHy ma no3008icHI0 ouHamixy. Taxi munu modeneli 3a36uyail GUKOPUCHOBYIOMbCA 3 TIHEApU308aHoIo Go-
PMOI0 MEXAHIKO-MAMEMAMUYHUX PIGHAHb, SKI NOMPIOHI 0151 NPOEKMYBANHA KOHMPOLEPI8, cucmem aKkmueHoi niogicku ma iu-
wux cucmem 0onomozu 800i€si.
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Heniniiini pisusamms pyxy, ki onucyloms pyx mpancnopmnozo 3acody 6 HanpsamKy mpaHcnopmHuozo 3aco6y, y HanpsavKy,
NnepnenouKyIApHOMY MPAHCNOPIMHOMY 3ACO0Y, MA PIGHAHHA PYXY Ni0 4ac HOBOPOMY A8MOMOOIs 6YOymy NiHeapu306aHi.

Memoro yiei pobomu 6yna aineapusayis 080KONIIHO20 mMpancnopmuozo 3acoby. Ilosedinka ounamiunux cucmem 6u3na-
uaemuvcs HeniniHumu ougepenyianonumu pisHanuamu. OcKinbKu 8 Ybomy GUNAOKY HEMOANCTUBO BUKOPUCAMU NEPEmMBOPEHHS
Jlannaca, neobxiono nineapusysamu Ounamiuny cucmemy, npo Ay uoemuvcs. Cymo nineapusayii HeNiHItIHUX OUHAMIYHUX CUC-
mem noiAeae y npunyujerni, Wo 8Xioni ma euUXioHi 8enuUdUHU 3MIHIOIOMbCA MAK, WO iX 8i0XUIEeHHA 8I0 CMAYiOHAPHO20 CIMAHY
00CcmamH1bo Mai, Wo cnpageonuso o 0ano2o eunaoky. La nineapuzosana mooens 6y0e 000amko8o 3acmoco8ana npu Kepy-
8AHHI MPAHCHOPMHUM 3ACODOM i3 3aHOCOM.

Kniouosi cnosa: nineapuszayis;, mpancnopmuuil 3acio,; HeniHitiHi piGHAHHSL.
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