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JOCIIIXKEHHA KOJIMUBAHb MASAATHUKA 3MIHHOI JIOBXKUHA

Poszenanymo 3adauy pyxy masmuuxa 3MiHHOI 008H#CUHU, AKUL AIAE COOOI0 BAHMAIC I3 MOUKOBOIO MACOI0, AKULL 30TUICHIOE
2D KonuBaHHA HA HEBAZOMOMY SHYUKOMY KAHAMI, W0 HAMOMYIOMb HA OiYuniHOpo-KOHIYHUL 6apabaH, AKull 0Oepmaemocs
HABK010 81acHOI oci. Ompumana Mamemamuita Mooeib CUCemMuU, GUSHAYEHI PIGHAHHA PYXY I CNIGBIOHOUIEHHS MIdiC KYMOBUMU
ma dexapmosumu koopounamamu. Ckradena npozpama i BUKOHAHUT Yuciosuil excnepumenm. Ompumani 3a1eicHocmi 8io
yacy HIUHUX Ma Kymoeux nepemiujerb ma wieuokocmetl, nobyooeai 6ionosiowi epagiku, ¢azosi nopmpemu ma mpackmopis
PyXy 6anmasicy. 3natioeno eenununy Hamsazy niotloMHO20 KaHamy.

Knrouoei cnosa: neninitina OuHamixa; KOIUBAHHA, MAAMHUK, OiYUIiHOpO-KOHIYHUL bapabaH, piguanua Jlazpanca 2-20
POOY; MAMeMamuiHa Mooens, YUCio8Ull ekcnepumenm, @asoea mpackmopis.

Puc.: 8. bion.: 10.

AKTYyaJIbHiCTh TeMH AOCHiIxkeHHs. TpuBarouuii iHTEpec 1O BUBUCHHS MAasTHUKOBUX
CHCTEM TOSCHIOETHCS THM, 1[0 BUBYEHHS IXHIX PyXiB BUSBISE Oararo sIKICHUX BJIACTHBOCTEH
JUHAMIKH HeJITHIMHUX CUCTEM 1 BUKJIMKAE K CAMOCTIHHHIA IHTEpeC Y Cy4aCHHUX JOCIITHUKIB, TaK
1 y MPUKIaTHUX 337a4axX, KOJU TUIOCKI PyXH JOCTIIKYBaHUX CHCTEM 1 00’€KTIB MpH Pi3HUX
CIPOLIEHHSIX MOJIENIIOIOTh MaTeMaTHYHUM MasTHUKOM. BOHM MOXyYTb J€MOHCTpYBaTH iCTOTHO
HENiHIMHY # JOCHTHh pPI3HOMAaHITHY MOBEIIHKY Ta YacTO BHKOPHCTOBYIOTHCS SIK JXKEpeso
MOZETBHUX 3aJad s PO3BUTKY 1 BUBUEHHSI METOJIB HEJIHIMHOIrO YIpaBiiHHS. 3aBIaHHS
e(eKTUBHOCTI, KEPOBAaHOCTI, MPOAYKTUBHOCTI, TOYHOCTI IO3UIIIIOBaHHS 1 Oe3neku Oyau i
3aJIUIIAI0THCS aKTyaIbHUMU MPH €KCIUTyaTallii BaHTaKOI1JHOMHOro 00naHaHHs B Oy/IIBEJIbHUX
1 IPOMHUCIIOBUX OOnacTsX. MareMaruuHi Mojedl MasTHUKOBUX CHCTEM CIYKaTb Ul OIUCY
HIMPOKOTO KiIacy mporeciB. barato 06’ekTiB y cHiTy CBO€T JMHAMIKH SIBJISIOTH COOO0 Pi3HI BUAU
MasITHUKOBUX YCTaHOBOK (@ B JAESIKHX BUMAJAKAaX 1 IX KOMOIHAI[IO), TPUYOMY BUMOTA CTIHKOCTI €
000B’3KOBOI0O BUMOIOIO iX eKkcIutlyarauii. Hacammepen e BiTHOCUTBCS 1O PI3HOTO BUAY
BaHTAXOMIJHOMHUX MEXaH13MiB, TAKUX SIK OAIITOBI, MOCTOBI, KO3JIOB1, KOHCOJIbH1, TOPTAJIbHI
1HII KpaHU. Y 3B’S3KYy 3 BUIIEBUKIAACHUM JIOCIIJDKEHHS MOBEIIHKU CKJIAJHUX MAsSTHUKOBUX
CHCTEM, TaKHUX SK pyX BaHTaXy HpU CHUIBHIM poOOOTI BaHTAXOMIIHOMHHMX MEXaHI3MIB €
aKTyaJIbHUM 3aBJaHHSM.

IMocranoBka mnpodaemu. Hecrami mepexigHi pexumu poOOTH MiTHOMHUX MEXaHi3MiB
CYITPOBODKYIOTHCSI 3MIHOIO €HEPTOCHIIOBHX TTApaMETPiB MEXaHIYHOI CUCTEMH, B1JT SIKUX 3aJIeKaTh
eKCIUTyaTalliiHI XapaKTepUCTUKHU 1 MPOAYKTUBHICTb. Y NESIKUX MiIAHOMHHMX MEXaHI3Max MOXe
BUKOPUCTOBYBaTHCs 0apabaH 13 KOHIYHOIO MOBEPXHEIO Il HAMOTYBaHHS KaHara, IO 1CTOTHO
YCKJIAIHIOE KIHEMAaTUKy M JUHAMIKY PyXYy BaHTaXYy, SIKMH KOJNHMBAETHCS, 110 BUMArae OKpeMoro
TTOCIIHKEHHS.

AHai3 ocTaHHiX Aocaixkens i myOJikamiii. JlocmimkeHnHs y cdepi MOAETIOBaHHS
MasITHUKOBHX CHCTEM i3 BUKOPUCTAHHSM Pi3HHX MAKETIB MPUKIATHUX IPOTPaM KOMIT FOTEPHOL
anreOpu TPOJOBXKYIOTHCS 1 HE NPUIHUHIIOTHbCA. Hampukian, po3misganucs pi3Hi Mofeni
cthepruunoro MasTHUKA [ 1-2], KOIMBaHHS MasgTHHKA 3MIHHOT OBXHUHHM [3] 1 3MiHHOT MacH [4].
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VY HayKoBi#l JiTeparypi € JTOCUTh 0araTo MPUKJIAAIB MEXaHIYHUX CHCTEM, JI€ PO3TIISIA€ThCS
KOJTMBAHHS BAaHTAXXY B BAHTAXKOITITHOMHUX MeXaHi3max [5-9].

Y po6orti [10] gocmiKyeTbcsi pyX 0OOPOTHOTO MareMaTMYHOTO MasTHUKA 31 3MIHHOIO
JIOBXKHHOIO HUTKH. Y PO3BHUTOK IIHOTO JTOCIIPKEHHS MPONIOHYETHCSI PO3TIITHYTH YCKIIAIHEHY
MEXaHIYHYy CUCTEMY, OLIBII HAOIMKEHY JO CUCTEM BAaHTAXKOMIIIHOMHHUX MAIIIUH.

BunijieHHs1 HeZOCTiIKEHUX YACTHH 3arajbHoi mpodJeMHu. 3amada JOCILIKEHHS PYXY
BaHTaXYy, 1[0 PO3TOMAYETHCA i/l Yac HAMOTYBaHHS KaHaTa Ha KOHIYHMN OapalaH paHimie He
po3mIsAaIacs.

MeTta po60oTHM mMONSTaE y CTBOPCHHI MaTEeMaTWYHOI MOJIENi, BCTAHOBIIGHHI OCHOBHHX
3aKOHOMIPHOCTEH 1 JOCHiKEHHI KOJIMBAaJbHOTO PYyXYy BaHTaXy 3 TOYKOBOIO MAacolo, sKa
3IIMCHIOE TUTOCKI KOJIMBAJIbHI PyXH Ha HEBaroMOMY THYYKOMY TpOCi, IO HaMOTYIOTh Ha
OIMITIHAPO-KOHIYHUM OapabaH, 10 00epTaeThCS.

Buxsaan ocHoBHOro marepiajy. Po3mistHemMo migiioM BaHTaXy y BUIVISAI CyAUHU (CKima)
il Yyac HaMOTYBaHHS KaHATa Ha KOHIYHY AUISHKY OILUIIHAPO-KOHIYHOrO Oapabana (puc. 1),
AKIIO BioMi pagiycu R; 1 R, 4MCII0 BUTKIB Z KaHAaTa Ha KOHIYHIN AUISHII ¥ KyTOBa IIBUAKICTH
Oapabana w = const.

[Torounnii panmiyc HAMOTYBaHHS KaHara 30UIBLIYETHCS MPSAMO MPOIOPIIHHO KyTy
noBopoty Oapabana: R = R; + k6. Bennuuny koedimieHTa MPOMOPIIHHOCTI kK BU3HAUYUMO 3
yYMOBH 3as1a4i. [Ipyn HaMOTyBaHHI Z BUTKIB Ha KOHIYHY TUISHKY OapabaHa pajiyc HaMOTYBaHHS
30UTBIITYETHCS 3 R; 10 R2, a KyT 1oBopoTy Oapabana cranoButh 6 = 27z, Tomi

R, = Ry + 2knz.
3BiAKu

K = (R2-Ry)/(2nz).

Puc. 1. ITiotiom ckina nio wac Hamomyeanus Kanama
HA KOHIYHY OLIAHKY OIYUNIHOPO-KOHIUHO20 bapabana

Ockinbkn @ =const, To 0 =wt 1 ¢dopmyna uid BHU3HAYEHHS IOTOYHOIO pajiyca
HaMOTYBaHHs [IPUNMae TaKUK BUJL:
R =R1 + (R2-Ry) wt /(2nz). 1)
[IIBuIKICTD CKiMa, JOPIBHIOE OKPYKHIM MIBUAKOCTI OapabaHa B TOUIll YKJIa/JaHHS KaHATa,
v=w R=w/[R1+(R2-Ry) t /(2nz)].
[aTerpyroun Bupas ds = v dt, 3HaX0UMO TEPEMIIIECHHS CKiMa (3aKOH PyXy):

N t t
fds =f v dt; s—sozfw[R1+(R2—R1)wt/(2nz)] dt;

0 0 0
s =So+ wR; t + (R, — R;) w?t?/ (4mz).
ITpuckopeHHs cKina

d dR d RZ - Rl RZ - Rl

=v=—(WR)=w—=w—|(R = 2.
a=v dt(w ) @ wdt( o 2nz 6) 2z

Yac ogroro o6opoty 6apabana tos= 21/®; moBHuUi yac pyxy 7 = tes Z = 2nz/ .

Bucora nigitomy ckina 3a yac 7T:
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h=s-s0 = (0 Ry T+ (R2 -R;) w?T%(4nz) =
= o R;(2nz/ ®) + (R2 - R;) ©? (2nz / ®)? | (4nz) = nz(R; + R2).

3amaua 3HAYHO YCKIJIQJHIOETHCS SKIIO MMiJ Yac MigiHoMy BaHTax Oyne 3AiHCHIOBATH
KONMUBAIBHUN pyxX. Lle MOXIMBO 3 pi3HHMX Hpu4MH. BBakarmmemo, 110 KOJIMBAJIBHUI pyX
BaHTa)XXy BIJIOYBa€ThCS MapalielibHO IUIOIIMHI TEpIeHANKYISIpHii oci Oapabana (puc. 2).
BanTtak BBa)kaeMO TOYKOBOIO Macoro. Po3rimsHeMo BHIaIOK, KOJIM MOYAaTKOBUH KyT @o# 0 i
MOYaTKOBa KyTOBa IIBHJKICTh TOYKOBOTO BaHTaXy Ha kaHati (o# 0. [louaTkoBa HAOBXKHHA
3BUCAOY0] YACTUHH TPOCA Y CTaHi CIIOKOI0 NopiBHIOE {o (£o> h).

JlexapToBi KOOpAMHATH MaTEPiaTbHOI TOUKH M:

x = Rcosp + (£, + Rp — Rwt) sing, (2
y = —Rsing + (£, + R — Rwt) cos. 3)

\8

A

V

Puc. 2. Pospaxynxosa cxema niouomy ckina nio uac HamomyeanHs KaHama
HA KOHIYHY OLIAHKY OIYUNIHOPO-KOHIUHO20 bapabana.

Kinernuna T 1 morenuiansHa [1 eneprii Bu3HauaroThesi hopMysiamMu:
2
mv
T=— IM=mg(, —y).
[IIBuaKicTh MaTepiaabHOI TOUKU M:

L=T-1]

Jlarpan:xuaH CUCTEMU:

a00 B pPO3rOpHYTOMY BUIJISIAI
L= im(g(—Zanz + (R1 — Ry)tw) " sinp + g - cosg * 2lynz + tw(—2nRz + (Ry —
Rp)tw) + (27R1z + (R, — R)tw)@) + 2mz(—glo + 7= (—20(TR, 2 + (R — Ry)tw) -
sing + (R, — Ry)we - sing + (—2nR,z + (R, — Ry)tw) - cos@ - (tw — @)’ + cosp -
((R; — R)w + 2lymzg"))t?)).
Jliig 3anucy piBHSIHHS pyXy MasTHUKa CKOpUCTaeMocs piBHSHHAM Jlarpanxka 2-ro pony. Sk
y3arajibHEeHy KOOPAWHATY BI3bMEMO KYT () BIIXHJICHHS MasiTHUKA BiJl BEPTHUKaII, TOI1

(o) —s==o. @)

BukopucroBytoun dhopmynu (1)-(4), orpuMaemo audepeHiiaibHe piBHIHHS PyXy MasTHUKA!
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——m(g(2lonz + tw(—2mR,z + (Ry — R)tw)) - sing + g(2mR,z + (R, — R)tw) - ¢
sing — 2nz(—2w (R z + (R, — Rtw) - sinp + (R, — Ry)w - ¢ - sing + (—2nRz +
(Ry — R)tw) " cosp - (tw — @) @' + cosp - (R, — R))w + 2lynz -
<p’))t$(2w(—anz + (R, — Ry)tw) - cosp + ((2nR1z + (R, — Ry)tw) - cosp +
(=2lynz + tw(2mR1z + (R, — R)tw)) - ¢ - sinp) + ¢((R, — Ry)w " cosp — (2nR z +
(R, — R)tw) * ¢’ - sinp))t) = 0.

3Hal0uM MBUIKICTh BAHTAXY 32 JIOMOMOro0 npuHuumy lamambepa, Mo)KHa 3HAWUTH HATSAT
HiIHOMHOT0 KaHATY B OY/Ib-IKUH MOMEHT 4acy:

N=mg-cos<p+m-(ﬁ+R-mn<p)-<p2.

3amaroun YMCeNnbHI 3HAYCHHS IMapaMeTpiB CHUCTEMH W TOYaTkoBi ymoBu: o= 16 M,
Ri=0,1m, R2=04mM, z=12, ®=0,2pan/c, m=1000«kr, ¢o=0,1lpan, ¢o=0,1 cl:
BUKOHAEMO PO3PaXyHKH Ta MOOYAyeMO rpadikul MpH MmigiioMi BAaHTaXy.

ITpu 3aganux mapamerpax 7'=377 c,h=11,3 m.

Ha puc. 3-8 npencrasneni rpadiku 3MiHH OKpEMHX TTapaMeTPiB pyXy CUCTEMH.

]

i TR \/
T ==

t k0]

Puc. 3. I'paghix 3anescnocmi ¢(t) Puc. 4. ®azosa mpaexkmopis: Q(t)-¢(t)
KyroBa mBuakicts Q2 = ¢'(2).
4 20
3 m 15 M,
VMWM'WV\MM
0 o MM“‘%
o 50 100 150 200 "o 50 100 150 200
t t
Puc. 5. I'paghix 3anexcnocmi x(t) Puc. 6. I'paghix 3anesxcrnocmi y(t)
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Puc. 7. Tpaekmopis pyxy sanmaoicy: x(t)-y(t) Puc. 8. I'paghix 3minu namsey xanamy N(t)

AHaTi3yrouu OTpUMaHi pe3yJIbTaTH, MOYKHA 3a3HAYHTH, 10 y3araJibHeHa i JTiHIHHI KOOpAWHATH
(puc. 3, 5, 6) 3MIHIOIOTHCS 32 TAPMOHIYHUM 3aKOHOM. [lepiony TOpU30OHTAIBHUX 1 BEPTUKATIBHHUX
KOJIMBaHb pi3Hi. BepTukanbuuii pyx BinOyBaeThcs 3 YaCTOTOIO, MPUOIM3HO BIBiYl OLIBIION0, HIK
ropusoHTanbHUH pyX. Lle noOpe BuaHO Ha (puc. 5 Ta 6). BigzHauumo, 1110 nepiof] FOpU30HTAIBHUX
KOJIMBaHb 3aJICXKUTh BiJ] JOBKUHH MAsATHUKA 1 B TIEpPIIOMY HAOIVKEHH] HE 3aJISKUTH BiJl aMILTITY/IH.

Da30BOI0 TPAEKTOPIEIO y3aralIbHEHOT KOOPIUHATH ¢ € QOKYC, SIKHIA PO3KPYIYEThCS (pHC. 4).

PucyHok 8 HarmstHO TIOKa3ye 30UTBIICHHS HATATY KaHaTa 31 3pOCTAaHHSM IIBUIKOCTI BAHTAXY.
Hanpuxkan, Ha BOXCOTIN CEKyH/I1 HATAT KaHaTy IPUOJIM3HO Ha YBEPTh OLIbIIIE Bard BAHTAXKY.

BucHoBku. Y pe3ynsrati po3B's3aHHs 00EpHEHOI 3aa4i JUHAMIKH 32 JJOIIOMOTOI0 PiBHSHb
Jlarpanxa 2-ro poxy OTpHMaHa MaTeMaTH4YHa MOJENb PyXy MAasTHHKA 3MIHHOI JOBKUHHU 1 3
TOYKOBOKO MACOI0, SIKHI 3/IIHCHIOE TIOCKI KOJIMBAJILHI PYXH Ha HEBAarOMOMY THYYKOMY KaHaTi, 10
HAMOTYIOTb Ha OIIMITIHAPO-KOHIUYHMI OapabaH, KUl 00epTaeThCsl HABKOJIO BIIACHOI OCi, BPaXOBY€e
0COOIMBOCTI HEJIHIHHOCTI CUCTEMH 1 MICTUTh MTApaMETPH, 1110 ONMUCYIOTH ii pyX. [IpoiHTerpoBano
HeJiHiiHe audepeHiaabHe piBHAHHS pyXy 3a jgoromororo EOM Ta oTpuMaHO 3aleXHICTh Bij
4acy KOOpJMHAT Ta IIBUAKOCTI BaHTaxy. [loOynoBaHa (pazoBa TpaekTopis Mpu MiIHOMI BaHTaXY.
@dazoBa TPAEKTOPIsl y3arajabHEHOI KOOPAUHATH ¢ € (OKYC, KU IpH MiIHOMI PO3KPYUIYIOTHCS B
3B‘SI3Ky 3 HENMiHIMHICTIO cucTeMH. [lonokeHHs BaHTaXy, MOro IIBUAKICT Ta HPUCKOPEHHS
JIO3BOJISIFOTH 3HAWTH BEJIMUMHY HATATY MiTHOMHOIO KaHary y Oyab-sikuil MOMEHT 4acy. Harsr nie
SIK Ha BaHTaX, Tak 1 Ha OapabaH, 110 JO3BOJISIE BU3HAYUTH OC3MEUHI PEKUMHU IMiTHOMY BaHTaXY Ta
HABAaHTA)KEHHS HAa MPUB1J MeXaHi3My. JloCHiPKEeHHS TPOBOUIIOCH 32 HENHIHHOI MOAEIIIO 63
BUKOPHCTaHHS aCUMOTOTUYHMX METOJIB, IO JIO3BOJMJIO BHKIFOYMTH METOAOJOITYHY HMOXHOKY
pimenHs. OTpuMaHl pe3ylbTaTd MOXYTb OyTH BHMKOPHUCTaHI HPU MOJENIOBAHHI KEpOBAaHMX
MasTHUKOBHX PYyXIB PI3HUX MEXaHIYHUX CHCTeM. MeToauka 1 mporpaMa peKOMEHIYIOThCS ISt
BUPIIIEHHS NPUKJIAJHUX 3aBIaHb NPOEKTYBAHHS 1 €KCIUTyaTallii pi3HUX M1IHOMHO-TPaHCIOPTHUX
CHCTEM 1 TeXHIUYHHX IMPUCTPOIB, 3JaTHUX JEMOHCTPYBATH CKJIQJHY TOBEIIHKY. Y METOIHIHOMY
IUTaH1 IPOITOHOBAHUH MaTepia LiKaBUM JJIs CTYJICHTIB 1 aCHIpaHTIB Y TUIaHI HAaBYaHHs PUHIMIIAM
MoOYIOBH Ta aHaJ3y CKJIQHUX HETHIHHUX TUHAMIYHUX CHCTEM.
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STUDY OF OSCILLATIONS OF A PENDULUM OF VARIABLE LENGTH

The problem of movement of a pendulum of variable length is considered in the article. The study of the movements of
pendulum systems is relevant, as they can demonstrate significantly nonlinear and quite diverse behavior and are often used
as a source of model problems for the development and study of nonlinear control methods. First of all, this applies to various
types of lifting mechanisms.

Some lifting mechanisms use a bicylindro-conical drum to wind the rope, which significantly complicates the kinematics
and dynamics of the oscillating load, which requires a separate study.

Analysis of scientific publications has shown that research in the field of modeling of complex nonlinear pendulum
systems continues and does not stop.

The problem of studying the motion of a load that swings during the winding of a rope on a conical drum has not been
considered before.

The purpose of the work is to create a mathematical model, establish the basic laws and study the oscillating motion of a load
with point mass, which performs flat oscillating motions on a weightless flexible cable wound on a rotating bicylindrical-conical drum.

Using the Lagrange equations of the second kind, the second problem of dynamics is solved and a mathematical model of the
considered mechanical system is obtained. The equation of motion and the relationship between angular and Cartesian coordinates
are determined. A program was compiled and a numerical experiment was conducted. The model and the program make it possible
to obtain the dependences of linear and angular displacements, as well as linear and angular velocities, and to construct appropriate
graphs, phase portraits, and the trajectory of the load. The position of the load, its speed and acceleration make it possible to find the
value of the lifting rope tension at any time. Tension acts on both the load and the drum, allowing you to determine the safe modes of
lifting or lowering the load and the load on the drive mechanism. The study was performed on a nonlinear model without the use of
asymptotic methods, which allowed to exclude the methodological error of the solution.

Having a mathematical model and calculation programs, it is possible to conduct further research of the considered
system. The obtained formulas make it possible to design such pendulum systems with the most rational characteristics and the
optimal ratio of design parameters. The obtained results can be used for modeling of controlled pendulum motions of different
mechanical systems. The methodology and program are recommended for solving applied problems of design and operation
of various hoisting and transport systems and technical devices capable of demonstrating complex behavior. The
methodologically proposed material is interesting for students and graduate students in terms of teaching the principles of
construction and analysis of complex nonlinear dynamical systems.

Keywords: nonlinear dynamics; fluctuations; pendulum; bicylindro-conical drum; Lagrange equations of the second
kind; mathematical model; numerical experiment; phase trajectory.
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